A new uniform asymptotic expansion for the incomplete gamma function Γ(a, z) valid for large values of z was given by the author in J. Comput. Appl. Math. 148 (2002) 323-339. This expansion contains a complementary error function of an argument measuring transition across the point z = a, with easily computable coefficients that do not involve a removable singularity in the neighbourhood of this point. In this note we correct a misprint in the listing of certain coefficients in this expansion and discuss in more detail the situation corresponding to Γ(a, a).
Introduction
The incomplete gamma functions γ(a, z) and Γ(a, z) (together with their normalised counterparts P (a, z) and Q(a, z)) are defined by the integrals P (a, where a and z are complex variables and the integration paths do not cross the negative real axis. The normalised functions P (a, z) and Q(a, z) satisfy the identity P (a, z) + Q(a, z) = 1.
(
1.2)
A review of the different types of expansion for Γ(a, z) that exist in the literature is presented in [6] . Earlier expansions not valid in the neighbourhood of the transition point z = a are associated with the names of Mahler (1930) [4] and Tricomi (1950) [8] , although Tricomi also gave an expansion of a more uniform character for Q(a + 1, a + x √ 2a). A significant advance in the understanding of the uniform asymptotic structure of the incomplete gamma function was made by Temme [7] , where it was established that Q(a, z) ∼ 1 2 erfc η as a → ∞. The auxiliary variable η measures transition through z = a and is defined by η = {2(λ − 1 − log λ)} 1/2 , λ = z/a, with the branch being chosen so that η(λ) is analytic near λ = 1 (z = a) and η ∼ λ − 1 as λ → 1. The coefficients C k (η) are defined recursively by
where γ k are the Stirling coefficients; see (3.1). The expansion (1.3) holds uniformly in |z| ∈ [0, ∞) for a wide domain of complex a and z; see [7] . The above form captures the change in asymptotic structure through the point z = a (where η = 0) as well as describing the large-a asymptotics, but suffers from the inconvenience of the coefficients C k (η) possessing a removable singularity at η = 0. This last fact results in their evaluation in the neighbourhood of the transition point being difficult. A new uniform asymptotic expansion for the incomplete gamma functions valid for large values of z was given in [6] . For Γ(a, z) this takes the form
for ℜ(z − a) ≥ 0, where the variable χ = (z − a)/ √ z, together with an analogous result for γ(a, z). This expansion also contains a complementary error function of an argument measuring transition through the point z = a, with easily computable coefficients A k (χ) and B k (χ) that do not involve a removable singularity at z = a. An expansion of a similar nature for Γ(a, z), but for a → ∞, is described in Dingle's book [3, p. 249] ; see also [6, Section 4] . The procedure employed in [3, 6] consists of factorising the exponential factors appearing in the integrands of appropriate integral representations for Γ(a, z) and γ(a, z) into an exponential factor containing only the linear and quadratic terms and another factor that is expanded in ascending powers of the integration variable. Although these expansions are not valid in as large a domain of complex a and z as that in (1.3), the coefficients have the advantage of being more straightforward to compute near z = a.
In this note we correct an error in the presentation of the coefficients A k (χ) and B k (χ) in [6] and discuss their computation away from the neighbourhood of z = a. We also examine in more detail the expansion (1.4) when z = a.
The expansion for Γ(a, z)
For completeness in presentation we give an outline of the arguments described in [6, Section 2] omitting technical details. We first consider the expansion for Γ(a, z) for large z where, with the change of variable t = ze τ in (1.1), we find
for | arg z| < 1 2 π. In (2.1) we have written the exponential e aτ −ze τ in factored form with
We expand the factor H(τ ; z) as a finite Taylor series where r n (τ ; z) denotes the remainder term. The coefficients c k (z) satisfy the recurrence relation
with c 0 (z) = 1 and c 1 (z) = c 2 (z) = 0. The c k (z) are polynomials in z of degree ⌊k/3⌋ given by
where the coefficients 1 S 3 (k, j) are the 3-associated Stirling numbers of the second kind defined by [2, p. 222]
and δ 0k is the Kronecker symbol. In Table 1 we show the values of S 3 (k, j) for 1 ≤ j ≤ 6 and 3 ≤ k ≤ 20. Substitution of the expansion (2.2) into the integral (2.1) then yields
where
zτ 2 r n (τ ; z) dτ.
The integrals in (2.4) can be evaluated in terms of the parabolic cylinder function D ν (z) as
whence we obtain the result
We now choose n = 3m + 4, m = 0, 1, 2 . . . . In [6] , it is established that R n (a, z) =
involve the parabolic cylinder functions of negative integer order and so can be expressed by recurrence in terms of the complementary error function, since
From the recurrence relation D ν+1 (z) − zD ν (z) + νD ν−1 (z) = 0 satisfied by the parabolic cylinder function, we obtain
where p k (χ), q k (χ) are polynomials in χ of degree k and k −1, respectively. The functions p k (χ) and q k (χ) satisfy the recurrence (2.7) with the starting values (p −1 , p 0 ) = (0, 1) and (q −1 , q 0 ) = (−1, 0). The first few values are
and so on. We substitute (2.3) into the expansion (2.5) and collect terms involving like powers of z together to yield
where some terms have been incorporated into the order term. The coefficients C k (χ) are defined by
The coefficients A k (χ) and B k (χ) are polynomials in χ of degree 3k and 3k − 1, respectively, with B 0 (χ) = 0; their expressions for 0 ≤ k ≤ 4 are presented in Table 2 . In [6, Table 2 ] the expressions are given for 0 ≤ k ≤ 8. However, the table headings in [6] are incorrect: the headings (−) k A k (χ) and (−) k+1 B k (χ) should read A k (χ) and −B k (χ), respectively. Note also that in this paper we have reversed the sign of B k (χ) for convenience in presentation. 
as z → ∞ in the sector | arg z| < 1 2 π. The function d 0 (χ) is given in (2.6) and the coefficients A k (χ), B k (χ) are defined in (2.10).
A similar treatment can be applied to the function γ(a, z). Making the change of variable t = ze −τ in (1.1) we obtain
zτ 2 H(−τ ; z) dτ provided ℜ(a) > 0. Substitution of the expansion for H(−τ ; z) in this last integral then produces (see [6] ) 
as z → ∞ in the sector | arg z| < The expansions (2.11) and (2.12) have been derived for z → ∞ in the sector | arg z| < There is an even more extreme cancellation arising in the coefficient of z −2 in the expansion (2.11) given by A 4 (10)d 0 (10) − B 4 (10). The values of A 4 (10)d 0 (10) and B 4 (10) are about 4.9637 × 10 6 , but their difference is of order 10 −8 . One way of circumventing this problem, and so extending the usefulness of the expansions (2.11) and (2.12), would be to determine the coefficients C k (χ) from the first sum in (2.9) by computing the functions d k+2j (χ) through use of the routine in Mathematica for the evaluation of the parabolic cylinder function. An obvious criticism of such an approach is that the parabolic cylinder function of large argument (and possibly also large order) is being computed to determine the coefficients in the expansion of the simpler incomplete gamma functions.
A different type of uniform expansion for a → ∞ in | arg a| < 1 2 π has been given by Dingle [3, p. 249 ] who employed the same factorisation procedure applied to the integral representations in (1.1). Expressed in our notation this takes the form:
with S 3 (k, j) replaced byα j (k), where theα j (k) are the coefficients in the expansion of
Then we have
The coefficientsÂ k (ξ) andB k (ξ) are tabulated in [6, Table 3 ] for 0 ≤ k ≤ 6. We remark that the headings in this table are correct and that in the present paper we have reversed the sign ofB k (ξ) for convenience. The nature of the expansions in Theorems 1 and 2 for large χ (that is when |z − a| ≫ |z| 1/2 ) can be examined by use of the result [9, p. 347]
It is shown in [6, Section 4] that these expansions reduce to the forms given by Mahler [4] in this limit. Similarly, when ξ is large (that is when |z − a| ≫ |a| 1/2 ) the expansions in Theorem 3 reduce to the expansions obtained by Tricomi [8] .
3. The analysis of the function Q(a, a)
In [6] , the expansions in Theorems 1 and 2 were shown to satisfy the identity (1.2) when z = a (χ = 0). Here we examine in more detail the expansion of Γ(a, a) for large a and demonstrate that (2.11) reduces to the known expansion cited in [5, Eq. (8.12 .15)].
When χ = 0 we have
Since A 2k+1 (0) = B 2k (0) = 0, we then find, from (2.11),
as a → ∞ in | arg a| < 1 2 π, where we have put
From (2.10), the coefficients A 2k (0) and B 2k+1 (0) are given by
. 
Concluding remarks
We have shown that the table of the coefficients A k (χ) and B k (χ) that appear in the asymptotic expansions of the incomplete gamma functions given in [6, Table 2 ] has incorrect headings, although the forms of these coefficients themselves are correct. This has led to an error in the presentation of these expansions in Eqs. (8.12.18) - (8.12.20) in the DLMF Handbook [5] . This entry should read:
